CHAPTER 2

TIME VALUE OF MONEY




Discussion

/

Y our Friend take your opinion about a critical decision

—=1}. Take $13.5 million now.
2. Take $25.5 million in 30 annual installments.
= o NS

What 1s your advice ?




To\solve this problem

oLV ?\G@F

\71. Why $1000 now # $1000 after many years ?

_ ~=2.How could we representation the problem?

—= 3.How could we compare the value of money at different point in
time ?




Why $1000 now # $1000 after many years

because it can earn more money over time @.
— s - -_—___/-’-' £ £
because its purchasing power changes over time\(inflation
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@me value of moneQ is measured in terms o((inte%r_aféﬁj
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Account Valu\e\

Cost of Refrigerator

(earning rate =6%)

_— j

Case 1. N=0_%$100 |N=0 _$100
IDjl/ayon &l

excegds N =1 $106 N=1 $108
earning power (ea_r_ning rate =6%) | (inflation rate = 8%)
Case 2: N=0 $100 N=0 $100
Earning power “*—ez

exceeds N=1 $106 N=1 $10_
inflation

(inflation rate = 4%)




Delaying Consumption

$100
Period 0

Gains or Losses from Delaying Consumption
'\

Net loss = $2
——'_'-—_'_‘_J-_

Case 1: $106 $108
Inflation > Earning Power Your Money Refrigerator
e

Case 2:
Earning Power > Inflation

$106 $104
Your Money Refrigerator

Net gain = $2




" Interest Rate]

e ——

The Cost of Money is established and measured by aﬂr_@grest@

a percentage that is periodically applied and added to an amount of
money over a specified length of time. -

——
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Interest Rate

Interest is the@;ﬂ)f mone\TJ—a cost to the borrower and an earning

to the lender -
—

Charge or Cost to Borrower

Interest Rate ~—~ W l'
8% A 8

Profit or Earning to Lender




How could we representation the problem?

—

( CASH FL9W DIAGRAMS J

e

Cash Flow Diagram for Single Payment Caseh Flow Diagram for Uniform Series (A)
F P

L -
I I
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CASH FLOW DIAGRAMS

Cash Flow Diagram is dependent on Point of View—
il dga s o (sl 3l Labia siag

Net Cash Flow: A net cash flow is the difference between total cash receipts
(inflows) and total cash disbursement (outflows) for a given period of time.
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s1001 X s$100 Endof Period 2
is also Beginning
, $50
Period 1 / of Period 3. }
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“toda " $100
( i - $150  $150
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Example

An investment QjE‘MO,OOO can_be made that will produce uniform
annual revenue of $5,000 for 5 years and then have a salvage value

of $2,000Q at_the end of 5 years. Annual expenses will be $3,000 at
the end ot each year for operating and maintaining the project.

- S —_—
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Example

An investment of $10,000 can be made that will produce uniform
annual revenue of $5,000 for 5 years and then have a salvage value
of $2,000 at the end of 5 years. Annual expenses will be $3,000 at
the end of each year for operating and maintaining the project.

I'=10,000 S
R= 5.(!!) R R R R R
E=3.000 t 1 t 1
S= 2000
NR’LR‘_E o1 [2 |3 J4 |5
) ! 1 1 1
—_ ?‘9 d E E E E E
1 YEAR

CASH FLOW DIAGRAM



Example

An investment of $10,000 can be made that will produce uniform
annual revenue of $5,000 for 5 years and then have a salvage value
of $2,000 at the end of 5 years. Annual expenses will be $3,000 at
the end of each year for operating and maintaining the project.

I =10,000
R = 5000
E=3.000
S= 2000

1 =10,000 : > + 3
NR = R-E = 5,000 - 3,000 = 2,000 ' S
S= 2,000

1 YEAR

CASH FLOW DIAGRAM

NR NR NR NR I.\‘R
; L i " i J
01 2 3 4 5
YEAR

I

NET CASH FLOW DIAGRAM



Methods of Calculating Interest

—mm

Simple interest: the practice of charging an interest rate only
to an 1nitial sum (principal amount).

Compound interest: the practice of charging an interest rate
to an mitial sum and to any previously accumulated interest

that has not been withdrawn.
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Simple interest

Example:
P =51,000

i=8%
-
N = 3 years
a2 Find: F
’_'_,_..-—-




Simple interest

Example:
P =51,000
i =8%
N = 3 years
a2 Find: F




Methods of Calculating Interest

Simple interest Formula

F =P+ (iP)N
where

f P i

P = Principal amount

i = simple interest rate

N = number of interest periods

F = total amount accumulated at the end of period N



Simple interest

Example:
P =51,000
i=8%
N = 3 years
a2 Find: F

(F =P +(iP)N \

F = 1000(1000 x 0.08) x 3 =§1240| 0 & 2 —f(é,‘“\oaa>d:p3

— \ 40

End of | Beginning | Interest | Ending
Year Balance carned Balance
0 $1,000

| $1,000 S$80 S$1,080

2 $1,080 S$80 $1,160

3 $1,160 $80 $1,240

(20




Example : Simple interest

You have agreed to loan a friend $5000 for 5 years at a simple

interest rate of 8% per year.

-_
How Mufﬁfend ay you at the end of 5 years?

P’—TS&OO
;:2%
N = 5
Foc



Example : Simple interest

You have agreed to loan a friend $5000 for 5 years at a simple
interest rate of 8% per year.
How much will your friend pay you at the end of 5 years?

F=P+(iP)N
5000 +($5000)(0.08)(5 yr) = $7000



Methods of Calculating Interest

Compound interest: the practice of charging an interest rate to an initial sum
and to any previously accumulated interest that has not been withdrawn
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Compound Interest

_—-‘-’_'

End of | Beginning Ending
Example: Year Balance Balance
P =$1,000
N=years.
2 | (ezo]geTpar
=
|




Compound Interest

—— Beginning Ending
xample:
P = $1.000 . Balance . . Balance
i=8% 0 $1.000
N = 3 years
a2 Find: F i
l $1.000 $80 $1.080
> | 51,080 | $86.40 | $1,166.40
$1,259.71




METHODS OF CALCULATING
INTEREST

Compound interest
P = Principal amount

i = simple interest rate
n=0: P N = number of interest periods

n=1:F = P(1+1i)
n=2:F,=F(l+i)=P(1+i)*>

F = total amount accumulated at the end of period N

N:F =P+




In the formulaE= P(l + i)‘ﬂwhich is often used in economics and finance, the terms are

defined as follows:

e F' (Future Value): The value of an investment or a sum of money at a specified time in the

future, considering the effect of interest over time. This represents the amount that will be

received or accumulated after a certain period.

e P (Present Value): The current or initial amount of money being invested or lent. It is the

principal sum of money before any interest has been applied.

¢ 1 (Interest Rate per Period): The rate at which the invested amount grows per period. This can
TAs
be a percentage representing the growth factor due to interest. The rate is typically annual but

can be applied to other periods such as monthly, quarterly, etc.

e NN (Number of Periods): The total number of compounding periods during which the money
—

will earn interest. For example, if interest is compounded annually, N would be the total

number of years.




Compound Interest

Example:
P=51,000
i =8%
N = 3 years
a Find: F

N:F=P(1+i)"

End of | Beginning Interest Ending
Year Balance earned Balance
0 $1,000
1 $1,000 $80 $1.,080
2 $1,080 $1,166.40
3 $1.166.40 $1,259.71
_ )
= E
F
—




Example :

You have agreed to loan a friend $5000 for 5 years at a compound
interest rate of 8% per year.
How much will your friend pay you at the end of 5 years?

r
Total Principal (P) Interest (/) Owed at the End Total Amount Due at the ; g ‘S) ( \ -1 L )

on Which Interest Is of Year n from Yearn's End of Year n, New Total
Year Calculated in Yearn Unpaid Total Principal Principal for Year n+1
! 55000 $5000x 0.08 =400 $5000-+ 400 = 5400 ~ Coupoo ( [+ z)g
2 5400 5400 x 0.08 = 432 5400 + 432 = 5832 Jo<
3 5832 5832x 0.08 =467 58324467 = 6299
4 6299 6299 x 0.08 = 504 6299 + 504 = 6303 _ ? /3 4 ;
5 \ 6803 6803 x 0.08 = 544 6803 + 544 = 7347

WV



Example :

You have agreed to loan a friend $5000 for 5 years at a compound
interest rate of 8% per year.

How much will your friend pay you at the end of 5 years?

Year

Total Principal (P)
on Which Interest Is
Calculatedin Yearn

Interest (/) Owed at the End
of Year n from Yearn's
Unpaid Total Principal

Total Amount Due at the
End of Year n, New Total
Principal for Year n+1

N:F=P(1+i)"

LU T SO P S

$5000
5400
5832
6299
6803

$5000 x 0.08 = 400
5400 x 0.08 = 432
5832 x 0.08 = 467
6299 x 0.08 = 504
6803 x 0.08 = 544

$5000 + 400 = 5400
5400 + 432 = 5832
5832 4 467 = 6299
6299 + 504 = 6803
6803 + 544 = 7347

F =5000(1 + 0.08)°

7347

D



PRACTICE PROBLEM 1

If you deposit $100 now (n=0)
mﬁ%@js é%ﬂ

have at the end of year 107

)

&

¥

\ ¢

%

and $200 two years from now (n=2)

~ 2
t that pays 10% interest, how much would you E" VO

—

2 3"*‘;%_?

3 4 5 6 7 8 9 10

\“1\

$100

$200



PRACTICE PROBLEM 1

If you deposit $100 now (n=0) and $200 two years from now (n=2)
in a savings account that pays 10% interest, how much would you

have at the end of year 107




PRACTICE PROBLEM 1

If you deposit $100 now (n=0) and $200 two years from now (n=2)
in a savings account that pays 10% interest, how much would you

have at the end of year 107

N:F = P(1+i)"

F =F1+ F2
F1 = 100(1 + 0.10)°= $259
F2 = 200(1 + 0.10)8= $429
F =259 + 429 = $688



PRACTICE PROBLEM 2

Consider the following sequence of deposits and withdrawals over a period

erMS. If you earn 10% interest, what wou a € en
of 4 years?

$1,000 $1,000




PRACTICE PROBLEM 2

ot e Ot gy e
n=0 6 NGk — oo
n=1 \\o P | ygoo — 2009
=2 | D S(D — \NZ/ o | \ Reo
n=3 \2)@ \ g 29 - /25_2)0
=4 1) Dg;;\') ’” — |232%9




PRACTICE PROBLEM 2

i =10% n

Enc{ of Beginning Deposit Withdraw Ending $1,210 :
Period balance made balance :
n=0 0 1000 0 1000 l l l

n=1 1100 1000 0 2100 $1.000 $1.000 $1,500
n=2 2310 0 1210 1100

n=3 1210 1500 0 2710

n=4 2981 0 0 ?

F=P1+i)"

F1=1000(1+ 0.10)*= $1100
F2 =2100(1+ 0.10)*= $2310
F3 =1100(1 + 0.10)*= $1210
F4 =2710(1 + 0.10)*= $2981



PRACTICE PROBLEM 2
i =10%

27?21 (140 )
0 1 T 3 E‘_'-‘;? N N
1 I 2 l ;—:(CD ((1“0:> —

3
$1.000 $1,000 $1,500 )C;—_)a (gaC[TO,D —
- = 2

E)::??]O(f-ﬂlf) iy

%{/z@@jj

N

s



PRACTICE PROBLEM 2

i =10%
47?7
$1.210 =

0 1 T 3 a4
T
$1.000 $1.000 $1,500

F = (FIP,i;n) = P(1 + )"

F1 = (F/P,0.1,4) = 1000(1 + 0.10)*
F2 = (F/P,0.1,3) = 1000(1 + 0.10)3
F3 = (F/P,0.1,2) = 1210(1 + 0.10)?
F4 = (F/P,0.1,1) = 1500(1 + 0.10)*

F=F1+F2—-F3+F4 =12981




CHAPTER 2

TIME VALUE OF MONEY

Economic Equivalence
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Discussion

Consider the following two cash receipts.
Which option would you prefer?

$1,200

$1,000

0 1 2 3 0 1 - x
Option 1 Option 2

— -



Practice Problem 1

If you deposit $2,042 today in a savings account that pays 8% interest
annually, how much would you have at the end of 5 years?

$2,042 F EZC > LW

% 7_9*1(\4*\00

Fsfe

M

(3, Jall-ll-ll>m L



Practice Problem 1

If you deposit $2,042 today in a savings account that pays 8% interest
annually, how much would you have at the end of 5 years?

$2,042 F = P(l + l-)n
F = 2,042$(1 + 0.08)5
F =$3000

n

(3, '-l---->m



Example 2: Finding the Present Value

~—— T —— ,
Problem:
You will receive $1,200 three years from now, and the annual interest rate I1s 5%. What is the
equivalent value of that money today? D

= P00\

= lrr(fﬂw)v\
Qm(#?oa\ - V026




Example 2: Finding the Present Value

Problem:
You will receive $1,200 three years from now, and the annual interest rate is 5%. What is the

equivalent value of that money today?
Solution:

To find the present value (PV), we use the formula:

F
PY = ———
(144N
Plugging in the values:
1,200 1,200

PV =

- ~ 1,036.68
(1+0.05) 1.157625

Answer: The equivalent value of $1,200 three years from now is approximately $1,036.68 today.




Example 3: Comparing Two Cash Flows

Problem:

You have two investment options:

1. Receive $500 today.

— -
2. Receive $550 one year from now.

If the annual interest rate is 8%, which option is more valuable?

Solution:

To compare these two options, we need to find the present value of the future amount ($550) and

compare it with $500 today.




‘ To compare these two options, we need to find the present value of the future amount ($550) and

s

p e=F P = f(\fﬂ =
f;glﬂj(\+ j

compare it with $500 today. N l D/c,
L=




To compare these two options, we need to find the present value of the future amount ($550) and

compare it with $500 today.

Using the formula for present value:

F

PV=—
V=ar9y

Plugging in the values:

250 550

PV = =
(1+0.08)!  1.08

~ 509.26

Comparison:

e Option 1: $500 today

e Option 2: Equivalent to $509.26 today

Answer: Option 2 is more valuable since its present value ($509.26) is higher than $500.




Example 2.2

At what interest rate
would these two amounts be equivalent?

1="

=)




Equivalence Between Two Cash Flows
, g
T=PCY + v ],
7500 =25 OJVQ AR
N
L 4TF = [+ Lj\ T

. /!
4\ = (e




Equivalence Between Two Cash Flows

F=P+i)"
3,000$ = 2,042$(1 + i)°

3,000$/2,042$ = (1 + i)®

(147) Y5 =1+
1
i =(147)5 —1

i = 0.079 = 8%



Example

At what interest rate would these two payments be equivalent?

$2.007

Given: F = $2,007, N = 5 years, P = $1,500, Find: i

)

" > 2 4 5
Years

$1.500



Example

At what interest rate would these two payments be equivalent?
Given: F = $2,007, N = 5 years, P = $1,500, Find: i

i . G-

2,007$/1,500$ = (1 + i)5

(2,007$/1,500$) /5 =1 + i

$1,500 l — ) $2,007
LS ®

4
i =(2,007$/1,500%) /5 -1 =) B

i = 0.06 =6%- i
0 5




Example 2.3

[ s200
$15

$100 $1OO

N

-
o
RN
N
N
(@)

lcn-....--...--....-)>

Compute the equivalent lump-sum amount at =3 at 10% annual interest.



Example

If you had $1,000 now and invested it at 7% interest compounded annually,
how much would it be worth in 8 years?

1
I
I
I
1
!
]
1
b

| 1 | | | | |
l ] 2 3 4 5 6 7




Example

If you had $1,000 now and invested it at 7% interest compounded annually,
how much would it be worth in 8 years?

F =P+ i)"
(A AN F = 1,0008(1 + 0.07)°
" +
[ F=1,718.19%
L &’U VYA | VIV - -

Given :P = $1,000, i = 7%, and N = 8 years; Find : F



Example

Given: F = $1000, i= 6%, and N = 8 years
—~

$1.000

-J =




Example
Given: F = $1000, i= 6%, and N = 8 years

p il u\.n

i 2
—
#

F=P(+i)"

Cp = F(1+i)="

P =1,000$(1 + 0.06)"

P=6274%

8

\



Example 2.3

N

$200
$150
$120
$100 $100
‘ $80 ‘
O 1 2\ 3 .4 5 0
L AN Ty

Compute the equivalent lump-sum amount at =3 at 10% annual interest.

W IIIIIIIIIIIIIIIIIII>

N
(@)

1

N




Example 2.3
FF:_%CHTILSD - AV

Step 1 (from zero to 3 ) - -

\ma(\—l'\ ) ’TC&GF\\‘TJI} J\-\’lOL smossol $1oo
P ?EHD I

Step2from6t03 @ - 5 o 1z 3 s
790 (ft— IﬁB ’T\QQ< ) @ 1= 10%

Step 3 (Equivalent worth calculation at n = 3)

#| Fr2ce %EJ“V;U — T74N( E
—




Example 2.3

The cash flows given in figure , FIND:V3(equivalent worth at n = 3) and i=
10%.

Step 1 (from zero to 3)  w
100$(1 +0.1)3+80$(1 + 0.1)>+1208(1 + 0.1)* |
= 361.9% )

Step 2 (from 6 to 3) N o $100
2008(1 + 0.1)~1+100$(1 + 0.1)2 = 264.46$ ‘ T I

0 1 2 3 4 5 6

Step 3 (Equivalent worth calculation at n = 3) 1= Base period
V3 =361.9% + 264.46%$ + 150$ = 776.36% F=PO+ )"



Calculate the equivalent value for each cash flow:

o Atn =20:
Vo = 100 x (1 +0.10)* = 100 x 1.331 = 133.1
o Atn = 1: -
Vi =80 x (1+0.10)* = 80 x 1.21 = 96.8
o Atn = 2:
Vo =120 x (1+0.10)' =120 x 1.1 = 132
e Atn =3
Vi = 150 x (1 +0.10)° = 150 x 1 = 150
o Atn = 4:
- 1
Vi =200 x (1+0.10)"" = 200 x T~ 181.82
e Atn = 5:

I
Vs =100 x (14 0.10)"2 = 100 x 55 & 82.64

. Sum the equivalent values at n = 3:

V=W+V+WV+Vs+Vi+V;

V =133.1 +96.8 +132 4 150 F .82 + 82.64 = 776.36

—_—

When calculating the equivalent lump-sum
amount at n=3, we need to bring all cash
flows to their equivalent values at n=3. For
cash flows that occur after n=3 (i.e., at n=4
and n=5), we need to discount them back
to n=3. This is why negative sign is used
with the exponents in the formula to
calculate their present value at n=3.




Practice Problem

Given: P = $3,000, F = $6,000 and i= 12%, Find: N

N
(@hb_—%mﬁwb.\l .

0= (w2 \oﬂH S
50311 — ﬂ LB Dé_ﬂ‘l)‘] $3000 Figure - Cash flow diagram

h= 02 4 — £ /l s
YR e s




Practice Problem
Given: P = $3,000, F = $6,000 and i= 12%, Find: N
F=P1+)"

6000$ = 3000$(1 + 0.12)™
(6000$ /3000) = (1.12)"
log(2) = nlog(1.12)
log(2)/log(1.12) = n —

n=6.116 = 6.12 years




Practice Problem

= How many years would it take an investment to double at 10%
annual interest?

| v



Practice Problem

How many years would it take an investment to double at 10%

annual interest? 2P
A
| @
F=2P=A1+0.10)" p
2=1.1%
log2 = Nlogl.l
N= log?2
lOgll Log Natural

=".277 years
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Practice Problem

olo
-® | |

3



Practice Problem

Given: i= 10%, Find: C that makes the two cash flow streams to be indifferent

( AN

Step 1: Select the base period to use, say n= 2 Sl 000
o
I
SSOP I Pr
Step 2: Find the equivalent lump sum value I |
at n="2 for both A and B. 0 l b 3
l
Pl
Step 3: Equate both equivalent values and C
“solve for unknown C. ‘ 3
|

9
|
B 3
|



Practice Problem

Given: i= 10%, Find: C that makes the two cash flow sricreams to be indifferent <h
< N Fepcit ()" N P=CCles)

$500
— 514 K 1
For 5 1 | 0
Vo= C(*—aﬂ’%( 7.1 C

oK =120z zle=o\t 51
1

U
UQ g(j‘&(]?—é b} ﬂﬁ\@ﬂa@*ﬂ;(ﬂj\ 500 : I
.
_! 3
|

C="




Practice Problem

Given: i= 10%, Find: C that makes the two cash flow streams to be indifferent

For A : | $1,000
V2 =500$(1 + 0.1)+1,0008(1 + 0.1)™"  «500 1
= 1,514% |
For B : J ; !
) 0 1 3
V2 =C(1+01)+C ,
= 2.1C :
To Find C : ¢ q
(V2)B = (V2)A ‘ I
2.1C = 1,514$ |
C=721$ N f :



Practice Problem
N~

$500

$502 $502 $502
A

A A

It simply means: the interest rate at which both cash flow options are worth the same.



Solution

Step 1: Select the base period to compute $i 000
the equivalent value (say, n= 3) 4
$500 ;
Step 2: Find the net worth of each at n= 3. @ ‘
0 1 2 3

$502 $502 $502

] ]

0 1 2 3




Solution NI
For b Yy =Geoll+D) e

Ff B Vom S (P 50e -0+ h o s

?Fc(ﬁ\f“tsﬁ w9 L= Cj 2 A %QO
l-jg 4 - 0 1T 2 3

L\/ﬂﬁ‘; [ 6% @ E: b7 $502  $502 $§502

143 O

SIS ' ® [ ||

0 1 2 3




Solution

At what interest rate would you be indifferent between the two cash flows?

For A :
F3 = 500%$(1 + i)3+1,000$ »1,000
For B : $500
F3 =502$(1 +i)* + 502%$(1 + i)1+502 . ]
To Find i (use trial and error) : o 1 2 3
Assume i = 8% and calculate F3 at each case ‘
(F3)A = 1,630 $502 $502 $502
(F3)B = 1,630 ‘ ‘ l
B |
i=8 | o/> 0 1 2 3



2.68 State the value of C that makes the following two cash flow transactions
economically equivalent at an interest rate of 12%:

) 1= X
MT ]

)

i e (™

W\ T_zﬁ, +
00 ¢ e
YLV




2.68 State the value of C that makes the following two cash flow transactions
economically equivalent at an interest rate of 12%:

$100 $100 . P-: \ECML,J

0 1 2 3 4 0

Tl ﬂ

For A :

rB:
(P)A =50$(1+ 0.12)7! L 6 o N ~\l\) +
+50$(1 + 0.12)2 h— -7
+100$(1 + 0.12) 3 = JC C )_q} )
+100$(1 + 0.12)~* | < ( ) A
= 219.232% - =4



2.68 State the value of C that makes the following two cash flow transactions
economically equivalent at an interest rate of 12%:

$100 $100

3C 3C
$50 $50
SRIREANE
0o 1 2 3 4 o 1 2 3 4
For A ForB :
(P)A=50$(1+0.12)"*  (P)B=C(1+0.12)~"
+50$(1 + 0.12) 4 +3C(1+0.12)72
+100$(1 + 0.12)73 +3C(1+0.12)73

+100$(1 + 0.12)~* +C(1+0.12)~*

= 2192325 =6055C  ~ 3 ) ﬁ\



2.68 State the value of C that makes the following two cash flow transactions
economically equivalent at an interest rate of 12%:

$100 $100

3C 3C
$50 $50
SR REARE
1 2 3 4 0 1 2 3 4
For A For B : |
(P)A =50$(1+0.12)7* (P)B=C(1+0.12)71
+50$(1 + 0.12) 4 +3C(1+0.12)72
+100$(1 + 0.12)73 +3C(1+0.12)73
+100$(1 + 0.12)~* +C(1+0.12)~*
= 219.232% = 6.055C
(P)B = (P)A
FoFind-C-: 6.055C =219.232%

C = 36.2$



2.68 State the value of C that makes the following two cash flow transactions
economically equivalent at an interest rate of 12%:

$100

$

3C  3C
$50  $50
P SRAREs
o 1 2 3 4 1 2 3 4

— A

—_—

F= P10

-~

Alternatively

If you choose a particular
base-period, say =4,

~

even then the answer will be

o

sSame.

J




2.68 State the value of C that makes the following two cash flow transactions

economically equivalent interest rate of 12%:
$100 7$100
3C  3C
$50 850 T T

H 1]

0 1t 2 3 4 o 1 2 3
For A ForB :

(V4)A = 50$(1 + 0.12)%
+50$(1 + 0.12)%
+100$(1 + 0.12)1

+100%
= $344.96%




2.68 State the value of C that makes the following two cash flow transactions
economically equivalent at an interest rate of 12%:

$100 $100 mﬁ
IC 3C
$50  $50 ‘[ [

TEEREARE;
0o 1t 2 3 4 0 1 2 3 4
ForA: ForB:
(V4)A = 50$(1 + 0.12)3 (P)B =C(1+0.12)%
+50$(1 + 0.12)? +3C(1 4+ 0.12)%
+100$(1 + 0.12)1 +3C(1+0.12)L
+100% +C
— $344.96% = 9.52C C‘:: 26 L

/



2.68 State the value of C that makes the following two cash flow transactions
economically equivalent at an interest rate of 12%:

$100 $100
3C 3C
$50 $50
P o AR
o 1 2 3 4 o 1 2 3 4
V =50(1+.12)3+50(1+.12)2+100(1+.12)1+100 V =C(1+.12)3+3C(1+.12)2+43C(1+.12)1+C
V =70.24+62.72+112+100 V =1.405C+3.76C+3.36C+C
V = $344.96 V =9.52C
So;

$344.96 = 9.52C

C = $36.2



Single Cash Flow Formula (/5 4 )

= Single payment ,
N

compound amount factor ~T Iz:: Al+1) ,\3 :

(growth factor) Note This Bl) F= AF/ PiN)J :

| 0 E

= Given: l—’
N

= Find: F r

F=$2,000(1+0.10)*
=$2,000(F/ P,10%,8)
= $4,287.18



Practice Problem

If you had $2,000 now and invested it at 10%,
how much would i1t be worth in 8 years?

1= 10%
0

l $2,000



Solution

[=EV(

Given: TE FV(rate, nper, pmt, [pv], [typel])
P =52,000
I1=10% * rate = Interest rate per period
N = 8 years * nper = Number of periods
* pmt = Payment made each period
? pv = Present va1u§ﬁ:urrer? Ium?sum] {optional)
Find: F

¢ type = Timing of payment: 0 = end of period, 1 = beginning (optional)

o ey pees

SUM - i X« J | =Fv(10%,8,0,2000,0)
F =82,000(1+0.10)° A B C
=3$2,000(F/P,10%,8) 1
= $4,287.18 5
EXCEL command: 3
=FV(10%,8,0,2000,0) 4 =FV(10%,8,0,2000,0)

=$4,287.20 5 |



Single Cash Flow Formula

F=P1+d)"
= Single payment present worth factor
(discount factor) P=Kl+n)™"
= Given: Note This By P= AP/ EiN)
1=12%
N = 5 years !
F=81,000 :
= Find P: ‘

P=3%1,000(1+0.12)
=$1,000(P/ F,12%.,5)
= $567.40



Practice Problem

Y ou want to set aside a furmp surmamount today in a savings account
that earns 7% annual interest to meet a future expense in the amount
of $10,000 to be incurred in 6 years. How much do you need to

deposit today? N
IR AR
P — 644?% * l -

o



Practice Problem

Y ou want to set aside a kamp stumamount today 1n a savings account
that earns 7% annual interest to meet a future expense in the amount
of $10,000 to be incurred in 6 years. How much do you need to
deposit today?

$10,000

P=F1+)™" I

6

H
TP P=$10,000(1+0.07)"
— $10,000(P/ I, 7%, 6)

=$6,663



M“ltiple Payments ....(Example 2.8) Uneven Payment Series

How much do you need to deposit today (P) to withdraw $25,000 at 7=1,

$3,000 at n= 2, and $5,000 at n=4, if your account earns 10% annual interest?

—’_'_'_"

P: SFQ —\”‘l/jdﬁ

4 $25,000

l./

$3,000
e

$5,000

r

Ty U3
JY -

SN ;
\




Multiple Payments...Example2.8) Uneven Payment Series

=N
525001 P=F(1+i)
$3,000 $5,000
X 1 2 3 4 1 2 3 4 "1 1 2 3 4
EE i @ r

This question can also be solved in a single step

P, = $5000(1+0.1)4

P, = $25000(1+0.1) P, = $3000(1+0.1)2
"R =$25,000(P/ F,10%,1) B, =$3,000(P/ F,10%,2) £, =$5,000(7/ F,10%,4)
=$22.727 =$2,479 =9$3,415

P=R+ P+ P,=%28,622

——




CHAPTER 2

TIME VALUE OF MONEY

Uniform Series




Equal Payment Series: rind equivatentp or F




An Equal Payment Series refers to a series of regular, equal payments made at consistent intervals
over a period of time. This concept is often used in finance to describe loan payments, savings
contributions, or any other scenario where payments or receipts are made regularly.

What is the Equal Payment Series Formula?

The formula you provided:

S

]

F=A((1+i)”—1)

is used to calculate the Future Value (F) of an equal series of payments (A) made at regular intervals

over IV periods, with an interest rate i per period.




COMPOUND-AMOUNT FACTOR Ef;m

A at the end of 1 year becomes = A(1+i)™ é

A at the end of 2 year becomes = A(1+i)2

A at the end of N-1 year becomes = A(1+i)! ——
A at the end of N yecar becomes = A ——>

F= A(1+i)N '+ A(|+.)\ I st i +A(1+i)'+A

(= A+A))|/)'+ /////(n/f\ + A)/\' (1)5

(1+)F= A()%+i) + A(/f{*-........./..-h& l)\'+A(l+|) (Z/}

(2)-()

T 1 2 =
[,_A{mir'-t b\ I RX2 RN
F= - "A(“/A.I.N) ﬁ A _’9_

(1+)F-F= 1+ -Af W_j_—/@ ‘“}_'] ';t




I S
— F=P(4i)" =P(F/P,i,n)
- _\ 1

P— F(l14i)™ = F(P/F,i,n)

;}f”’lé/ A= A

-

£ “ -{-1)"—! = F(A/JF,i,n) \ o \
ﬁgi %__ \3 (! +
_ i(l +i)° '
A = m] P(A/P i, ll)

(1 +t)" -1
P = l(|+l)" ;A(P/A i.n)

e
/
Uniform Payment Series %

Sinking Capital Compound

Fund Recovery Amount _V!p_r_th
Factor Factor Factor Factor
Find A Find A Find F Find P

Givenf  GivenP Given A GivenA
A/F A/P F/A P/A



EXAMPLE 2.9 Equal-Payment Series: Find F, Given i, A, and N

Suppose you make an annual contribution of $5,000 to your savings account at the 2 — & 69/ 3
end of each year for five years. If your savings account earns 6% interest annuatly,
“how much can be withdrawn at the end of five years? (See Figure 2.16.)

T= HEMW -
e /Lgn\%g j%;

H'=¢

>

1= 6%

$5.000 $5.000 $5.000 $5.000 $5.000



EXAMPLE 2.9 Equal-Payment Series: Find F, Given i, A, and N

Suppose you make an annual contribution of $5,000 to your savings account at the
end of each year for five years. If your savings account earns 6% interest annually,
how much can be withdrawn at the end of five years? (See Figure 2.16.)

- N .
o4 (1+ 1). |
"’ F=2
4
Solution;
Given: A = $5,000, N = 5 years, and 7= 6% i = 6%
Find: F

0 1 2 3 4

Solution: F= $5,000(F/A, 6%, 5)= $28,185.46

$5.000 S$5.000 $5.000 S$5.000 $5.000



Validation J;_ o (| u n
§5,000(14+-0.06)' =$6312.38 -
5,000(1+0.06)° =$5955.08 :
§5,000(1--0.06) =$5,618.00 = 6% E
$5,000(1+-0.06)! =$5300.00 S A
$5,000(1--0.06)° =$5,00000 l l l l l

$2818546 $5.000 $5.000 S$5.000 S$5.000 S$5.000
-

——r



Finding an Annuity Value

Example:

= Given: F= $5,000, N = 5 years, and w)

« Find:4 3 F

—

F=P(+i)"=P(F/P,i,n)

- ( |
A — 6 . P=F(+i)" = F(P/F.i,n)

(1 +i)y =17

F=A = A(F/A.i,n)
]
—F- : i = F(A/F,i
= _{1+:‘}"—1_H (A/F.i . n)
T —
[ il 4"

A= P W = P(A/P,i,n)

((1 +i)" =17 :
P = A _W_ =!‘-(PJ’I‘.I.N‘)




Finding an Annuity Value

Example:

= Given: F= $5,000, N = 5 years,and 7= 7%

= Find: A F

F=P(+4+i)"=P(F/P,i,n)

A — F P=F(+i)™=F(P/F,i,n)
(1+i)"—1

.F=A”“ +I.I"-1-

I

i

A=F|——mmmuu|= F(A/F.I,

— 869.5 [ (1 +i)y =1 ]

A = 5,000 0.0
v (1+0.07)5-1 i ]

A= P| ————m | = P(AJP,i,

(1 +i)* =1 ]

(14" =11

P=A|l— = APSALL

T

= A(F/A, I,

n)

n)

n)

n)



Example 2.10 Handling Time Shifts in a Uniform Series

(In the previous example, the deposits were made at the end of the each year, the first deposit being made at the end of the first year or period.
suppose , all the deposits were made at the beginning of each period and commonly known as “annuity due”. How would you compute the
balance at the end of period 5?)

PR

R Qr a &j \ 4 P( L—{- ) —'—'p\ First deposit occurs at n = 0 ‘

— i=6% :

‘/\/\

— — —

I a— 4

193 T4 ¥ |

1TT

$5,000 $5.000 $5.000 $5,000 —

R




Example 2.10 Handling Time Shifts in a Uniform Series

(In the previous example, the deposits were made at the end of the each year, the first deposit being made at the end of the first year or period.
suppose , all the deposits were made at the beginning of each period and commonly known as “annuity due”. How would you compute the
balance at the end of period 5?)

AN
F — A (1 + l) 1 F o P(l -|— l)n First deposit occurs atn =0
y / i= 6%

1 2 3 4

'INEE

$5,000 $5,000 $5,000 $5,000

1+ )"—1
F=al l_) +P(1+i)"—A

(1+ 0.06)5—1
0.06

F = 5,000 +5,000(1 + 0.06)5—5,000 — = -

F = 28,185+ 6,691 — 5,000 = 29,876%



EXAMPLE 2.11 College Savings Plan: Find A, Given EN, and i_

You want to set up a college savings plan for your daughter. She is currently
10 years old and will go to college at age 18. You assume that when she starts col-
lege, she will need at least $100,000 in the bank. How much do you need to save
each year in order to have the necessary funds if the current rate of interest is 7%?

Assume that end-of-year deposits are made.

A= P
(\Hqu

E r 3
g ‘ Current age: 10 years old
™ /
—_— /




EXAMPLE 2.11 College Savings Plan: Find A, Given E N, and i

You want to set up a college savings plan for your daughter. She is currently
10 years old and will go to college at age 18. You assume that when she starts col-
lege, she will need at least $100,000 in the bank. How much do you need to save
each year in order to have the necessary funds if the current rate of interest is 7%?

Assume that end-of-year deposits are made.
l

A=F
(1+i)" -1

lution:
Current age: 10 years old

Given: /= $100,000, V= 8 years, and 7= 7%

Find: A —
Solution:
A=$100,000(A/F; 7%, 8) = $9,746.78 A=?

$100,000
A

7 8
v



Example 2.13 Deferred (delayed) Loan Repayment Plan

A P=$21,061.82

2 3 4 5 6
Grace period 1 1 1 1 1
A A A A A



Example 2.13 Deferred (delayed) Loan Repayment Plan

A P=5$21,061.82




Example 2.13 Deferred (delayed) Loan Repayment Plan

% F=P+0" | S IE

I 1
P’ =21,061.82(1 + 0.06)" = $22,325.53

1

i(1+i n Grace period
A=p 1( _ n) 1] A_———a 4
( + l) o ‘ ‘ P =$21,061.82(F/ P, 6%, 1)
A =22,325.53 0.06(1 +0.0602] o
- (1+0.06)>~1

—

A =$5,300




EXAMPLE 2.14 Equal-Payment Series: Find P, Given A, i,
and N

A truck driver from Georgia won Powerball, a multistate lotltery game similar to
the one introduced in the chapter opening story. The winner could choose between
a single lump sum of $116.5 million or a to illion paid out over 20 an-
nual installments (or $9.75 million per year and the firstinstallment being paid out
immediately). The truck driver opied for the fump sum. From a strictly economic
standpoint, did he make the more lucrative choice?

){\ -

C\ ; |
P:— Qf‘;(’a FN 1 R %@V

:\Oq) \@7 PJF'%

[

= | 8




EXAMPLE 2.14 Equal-Payment Series: Find P, Given A, i,
and N

A truck driver from Georgia won Powerball, a multistate lottery game similar to
the one introduced in the chapler opening story. The winner could choose between
a single lump sum of $116.5 million or a total of $195 million paid out over 20 an-
nual installments (or $9.75 million per year and the first installment being paid out
immediately). The truck driver opted for the lump sum. From a strictly economic
standpoint, did he make the more lucrative choice?

Solution:

Given: A= $9.75M, N = 20 years, and 7= 8%

Find: P . 1+ i)"—1 »
ST li@a+
(1 +0.08)19-1
P = $9.75M + $9.75M = 103.39M

0.08(1 + 0.08)1°



Example 2.15 Early Savings Plan — 8% interest

Option 1: Early Savings Plan

A

TITIIITIT

Option 2: Deferred Savings

Plan

11 12

N
N

RERRENRNARN

$2,000

4—..........*

=/

N
N

F=P(+i)=P(F/P,i,n)

P=F(l+4+i)™ = F(P/F,i,n)

F=A
A= F
\ =P
P =A

C(14+i)" =17
i
i
[ (1 +i)" =1 |
C i1+ 7

(1 +i)" =1

[(14+i)* =17
T2

= A(F/A,
= F(A/F,
= P(A/P,

= A(P/A,

-

-,

. I1)

1)

L)

.n)



Option 1 — Early Savings Plan [’er(] ' ?F‘m

—rr

Option 1: Early Sgvings Plan

SN AT G Freraserens
{E) =y 7 LT

44
' $2,000 : - I
[ _3s((at o
]

P=F( +i)™ = F(P/F,i,n)

——
—

T ———
A T4y =17
' Fa Al S22 D0 s AGF A )
b ' Lt
A=P-”+j}"_l-=!—{A,-’!-.:.nl
[ i(1 +i)"
A= P = P(A/P,i,
[awap—i] - e ssha)
(1 4+i)" =17 _
P=.’1-W- =.|*1.{P}"ft.l.|"]




(1 + l-)n_ll Option 1: Early Savings Plan

F=a|

L 0123 456 78910

Option 1 — Early Savings Plan R

SN

4

o= 20010001 gy T

F=P( +i)" = P(F/P.i,n)

P=F(<4+id™" =F(P/F,i,n)

F=P(1+ i)n F= A:“ +i'_’" = 1: = ACF7 A 8)

F,, = $28,973(1 + 0.08)3*= $396, 645 A=l o=y | = Faveim
A= P “”L%: = P(A/P,i.n)

P =A :%: = A(P/A.i.n)




Option 2: Deferred Savings Plan

Option 2: Deferred Savings Plan
|3

0 1112

[T

$2,000

1153

4T

Pw=F(l+4+i)™ = F(P/F,i,n)

——— | = A(F/A,i,n) j

= F(A/F,i,n)

[ (T + i)y =1

[ il +i)"
A= P e, e ey e — !-" A P‘ "
-{|+')n_I“ ( J"’ l.ﬂl
pasa] O EE =1 e AP

| (14



Option 2: Deferred Savings Plan

F=al

F,, = 2,000

(1+ i)"—l]
i

(14 0.08)%4"10_1

0.08

A2

]
Option 2: Deferred Savings Plan "

1112

] =$317,233

T

44

F=P+i)"=P(F/P,i,n)

P=F(Q+4+i) ™ = F(P/F,in)

F

A

A

A

= F

f}

[
—

F(1 4+i)" =1

(O +i)y =1

i1+ ]
[ (1 i) = 1]

({1 4+i)" — 17
| i+

= A(F/A.i.n

= F(A/F,i,n

= P(A/P.i.n

= A(P/A,i.n

)



$306,644 A

—_— [ |

Option 1: Early Savings Plan .

0 1/_2 3 4 5 6 7 8 9 lﬁ..- :
ARRERRE “

$2,000

$317,253 4

— =

Option 2: Deferred Savings Plan E

3 4 :

0O 1 2 3 4 5 6 7 8 9 10 11 12 o
[TTTTITTITTTl

$2,000



Example:

Present Value of Perpetuities

A perpetuity is a stream of cash flows that continues forever.
For example, a share of preferred stock that pays a fixed cash
dividend each period ( usually a quarter or a year) and never
matures. An interesting feature of any perpetual annuity is that
you can not compute the future value of its cash flows because it
is infinite. However it has a well-defined present value.

What is the present value of $600 perpetuity at 7% discount rate?
P=Ali

PV =$600 + 0.07 = $8,571.43
—

75



CHAPTER 2

TIME VALUE OF MONEY

LGradient Series




Two TYPES OF GRADIENT SERIES '

A,+7Q:—
b 1]
< PQ 1
A%
e Linear Gradient I ]
‘0 1 :2 3 4 5 6 7 L
+ G - Constant $ amount
AQ+g),
e Geometric Gradient | "

2
v\ -

+ g-Constant % Ty 1J ! I I W
102 3 4 5 ¢



Linear Gradient Series { GFF)%

Engineers frequently meet situations involving periodic payments that « &“““‘”% STz
increase or decrease by a constant amount (G) from period to period.

IN-11G
N-26.-} , .
Note ihaf the first cash flow in h" (l + ')N - 'N - 1
a sirict ||neorgr0d|entser;95|50 P = 2 -
i2(1 + N
N-1 N /
——

Years

EmEEE~

gure .25 Cash flow diagram of a strict gradient series

<
.

76



Gradient Series as a Composite Series of a Uniform Series of N Payments

of A1 and the Gradient Series of Increments of Constant
Amount G.

— — —— —




Gradient Series as a Composite Series of a Uniform Series of N Payments
of A1 and the Gradient Series of Increments of Constant

— Years —
(b) Decreasing gradient series




Example — Present value calculation for a gradient g‘GFB*%

series $2,000
$1,750
51,250 1200
$1,000 /
| N
J

! | =
. 1 2 3 4 5
: ‘How much do you have to
- Q_ngu now in a savings
\ 4 account that earns a 12%

P=9 l annual interest, if you want to
Wlthdraw the annual series as
shown in the figure? B




Example — Present value calculation for a gradient ngFB&%

series 5T,
$2,000
$1,750
s1.250 >100 ‘
$1,000
o ||
1 2 3 4 5
Ay +5G
A
A v
A+ G A =
— it i el sl b i Tl S s o Sl S, i e S i s S s s T J
A I S S Y | \ 4
@[ ®I
1 2 3 4 5 6 (0 ] 2 3 4 5 6 0 ] 2 3 4 5 6

Years
(a) Increasing gradient series



Example — Present value calculation for a gradient

[
NN mewm N

Equal payment series

$|i“"CIL;-

ARET

Gradient series

5.311303

H

5

$7
$500
$250

't
2 3

T

0
P,




Example — Present value calculation for a gradient

series
A = 1,0008 G = 2508
~ $1.250 $1,500
$1.000
P = $1,000(P / A,12%,5)+$250(P / G,12%,5) | \
= —— £
M o E KK
l i = 2 A B
o 5t | |
l 1 = < @



Example — Present value calculation for a gradient
series

A =1,000% G = 250% F=P(+i)"=P(F/P,in)

P=F(+4i)™ = F(P/F,i,n)

P = $1,000(P / A,12%,5)+$250(P / G,12%,5)
o F=A M = A(F/A, i, n)

P —_ /l QO Q' JY' \g CJ q A=F:(I+i—i)"—l':‘=FM/F".'")
- 5 7)) b

A=P W = P(A/P,i,n)

[(1 4+i)" =17 .
P=A| c— = A(P/A, I,
Ta+ | A(P/A,i,n)

—

- l4+i)' =in=1 '
@ p=(;[( e ]:G(P/G.i.n)
i=(1 4"

JO+i) =in=1 L n - eae
A=( - =0|=-- = G(A/G,i,n)
i+ =i i (4=




Example — Present value calculation for a gradient
series

A =1,000% G = 250% F=P(+i)"=P(F/P,in)

P=F(1+4i)™ = F(P/F,i,n)

P = $1,000(P / A,12%,5)+$250(P / G,12%,5)

F=all +i’_’" =2 [ A(F/A, i, n)
P=A [(1 T i)n_ll TG [(1 )7 —in — 1] A= FlaTar=T) = FW/Fim
T . \N ;2 \n [ iy 7
l(l + l) l (1 + l) A= P (l(-}l-:).")—l = P(A/P,i,n)
S
. l’=,\p(li:;:)-"i)—"l- = A(P/A,i,n)
P = $3,604.80+%$1,599.20 - ;
. _(,[(1 +i)' =in = l] = G(P/G.i.n)
P = $5,204 e o
- 9

0+ =in=1 I! n : )
A=0C =(|=- = G(A/G,i,n)
i +i)y" =i i (4 =1



Validation

1 2 3 4 5 For uneven payment series

_i_// P= Rl4iy

_ P=RPIEiN
/$1,000(P/F, 12%, 1) = _$892.86:

$1,250(P/F, 12%,2) = $996.49
$1,500( P/F, 12%, 3) = $1,067.67
$1,750( P/F, 12%, 4) = $1,112.16
$2,000(P/F, 12%, 5) = $1,134.85
$5,204.03
5,204.95

?‘IIIIIIIIIIIO




Example 2.18 Supper Lottery
Annual payment option \(\

The winner would receive the jackpot in graduated annual payments.
In this case, the winner would receive $175000 as the first payment(2.5% of the
total jackpot amount) immediately. The second payment would be $189000.4 UM ol @

Over the course of the next 25 years, these payments would gradually increase 2 r=
each year by $7000 to a final payments of ($357000) If the U.S. Treasury |
zero coupon rate is reduced to 4.5% at the time of winning, what L —
would be the equivalent cash value of the lottery?

T [AonuarPayment opton

G = $7,000 . ?3.‘_.5?"%

T

——, P

$196,000

N —s |
e |—s
af—




Equivalent Present Value of Annual Payment
Option at 4.5% = \p4

oo

"= P(l 4+ i)" = P(F/P,i,n)

G = $7.000 $357 000 P=F(l+4i)™ = F(P/F,i,n)

}« $196,000 . . =
1750$189 o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ | F=A d +‘i) — = A(F/A,i,n)
f 5 25 26 A=F_(l+i)”—l_ = F(A/F,i,n)
P=$175,000 +$189,000( P/ A4, 4.5%, 25) +$7000(P/G, 4.5%, 25) a=p| LD N pasp,in

—_— - Ao (1 +i)* =1
(1 + l)n_l (1 + i)n_in - 1 4 # -'(l.-!-l')"-— l- = A(I’/A.i.n)

P = P+A[ 1+ 1) + G 211 )" e
l l l L) -

LP_([“*;'()H:;' '] G(P/G.i.nj

il +0)" =i

P =175,000 + 2,802,531 + 1,012,658 = $3,990,189 P (L EEL) (TR, PP



Problem : .
You borrowed $10,000 from a local bank, with the agreement that you will pay back { GB%

0&,\93

the loan according to a graduated payment plan. If your first payment is set at

$1.500, what would the remaining payment look like at a borrowing raje_af_@nv\erb

five years?

D
A $10.000 P —- \ \ 4 os




Problem :

You borrowed $10,000 from a local bank, with the agreement that you will pay back
the loan according to a graduated payment plan. If your first payment is set at
$1,500, what would the remaining payment look like at a borrowing rate of 10% over
five years?

A $10.000 P = 10,000$
1 =10%
n=->5
| 1 A = 1,500$

0

1 i G =277




\

g 31000 p=10,000%

_ . A =1,5009%
n = i
F=P(l +i)" = P(F/P,i.n)
| 2 3 -4 ]
0 ’ l 7 l l P=F(l+i)~" = F(P/F,in)
i E 4 i i i 1 e e
+ A—f‘bm' = F(A/F,i,n)
P=$1,500(2/4,10%,5) + G(P/G, 10%, 5) -

A= P| ———| = P(A/P,i,n)

(14 )"—1 (14 )"—in—1 - [T+ =1
Y e R - - _
i(1+10) i“(1+10) ) | oA O =11 _ i pra.im j

| i+ i)

10,000 = 5,686.18 + G * 6.8618 | |
bl ' JUF) =in=1] _ o

10,000 — 5,686.18 = G * 6.8618 mm’ |- ""'"%

G = —4é381:1882 = $62867 A=(;[”u+|”+f:""lf.I]=G[%-(I+:;"-l]=(;m/(;""”




GEOMETRIC GRADIENT SERIES

Many engineering economic problems, particularly those
relating to construction costs, involve cash flows that increase
over time, not by a constant amount, but rather by a constant Qr

percentage (geometric), called compound growth.

g =0 A.(1 _{._(‘,,)/'\.’—IA A g <=0 ( _I_Q\S
AL +(g) 4 ——
A, l(/—_ f" - 1(1 +g)Nﬁl
t 1 1] 0 Tt 11
- 1 2 3 4 N—1N or - 1 4 N— 1 N
\'( Years + Years

[" [)
Increasing Geometric Series Decreasing Geometric Series

~

p={M i— g

‘t —_— r
Al(l+’-)" 8 Z

1 —[(1 + )N (1 + i)—N] ifi * g

.



Problem

are $50000. Assume that this amount is just enough to meet your cost of living

during the first year. However, your cost of living is expected to increase at an

annual rate of 5% due to inflation. Suppose you do not expect to receive

-_—

any cost of living adjustment in your retirement pension. If your savings

account earns 7% interest a year, how much should you set aside in order to
o

meet this future increase in the cost of living over 25 years?




Example 2.17: Find P, Given A, g, I, N

Given: | o Bxpeoted re iremant pensica 350,000
g=>5% N T R Y | I N W |
/:70A) _;“_.n..- . ..--..___... Tﬂ:’.
N = 25 years o 1T 23|56 21 |22 |23 2425 /
= $50,000
, “.;m.cmf LS i G
DU\-' +D Erpected cost of livig Y ¥

| FIGURE 2.30 Cash flow diagram



EXAMPLE 9

Given: g=5%, 1=7%,

N =25 years, A, =5$50,000

1 —E(l + g)N (1 + f)—f-']

b= 2

—

if i

& )

N
..!"'r1. o . om
L1 + i)

ifi=g

e

The givensy equatiens

F=P(+4+i)" =P(F/P,i,n)

P=F(l+i)™ = F(P/F,i,n)

F=A ili');l = A(F/A,i,n)
= i o o

A=F—W- =F(A/f.l.")
[ i1+ )" T .

A= P-m- = P(A/P,i,n)
(1 +i)" =17 '

P=A ‘W‘ _A(P/A.t.n)

PmGC (14+i)"=in=-1 G(P/G.i.n)

= = s 8, M

i2(1 + i)

ﬁo[”“r—'m"] =G[l,- +] = G(A/G. i.ng
il +i)y =i i (I+iy=-=1

———




EXAMPLE 9

Given: g=5%, I=7%,

1 —[(1 + 2N (1 + j)—N]
_ AI = =
P = i— g
N
—  ifi =
hﬂl a+0 it 7 g

1-1+g)"(A+i)™
l—g

Pout = 50,000

1— (1 + 0.05)25 (1 + 0.07)~25

N =25 years, A, =550,000

if i &+ g;

F=P(+4+i"=P(F/P,in)

P=F(l4i)™ = F(P/F,i,n)

F

A= F| ————
‘ A+ =1

A= P

0.07 — 0.05
Pout = 940,696%

\

I’=G[

(1 46) =in=1 |1 1
A B G| mm————— | G = = c—
il +i)" =i i (l+i)y =1

A

1

i

BRI
[ (1 4+i)" — 1]

[(1 4+i)" — 1]

A T———
A e AL

EET

(140" =in=1

i2(1 4+

= F(A/F.i, n)

= P(A/P,i,n)
= A(P/A,i,n)
]:—. G(P/G,i,n)

] = G(A/G.i.n)



Required Additional Savings AL z)n—1]

(1+0)"
P =940,696%
- Bapented retirement pensioo
_ R50,000 Ja0,000
f—;jﬂ =$50,000(P/ A,7%,25) Sl e b
= $582,679 i
— T2 3 a5 TR
AP =%3940,696 -5582,679
el T A
= $358,017 AT L) R
- Hirected eat ol c R ‘r1Ir
1
Y
$161255

FIGURE 2.30 Cash flow diagram



CHAPTER 2
TIME VALUE OF MONEY

Thank you



